A subset M of the edges of a graph G is a matching if no two edges in M are incident. A maximal matching is a matching that is not contained in a larger matching. A subset S of vertices of a graph G with no isolated vertices is a total dominating set of G if every vertex of G is adjacent to at least one vertex in S. Let µ * (G) and γ t (G) be the minimum cardinalities of a maximal matching and a total dominating set in G, respectively. It is well-known that γ t (G) ≤ 2µ * (G). In this paper, we characterize all the graphs G with minimum degree at least two satisfying γ t (G) = 2µ * (G) and provide a polynomial time procedure to determine whether γ t (G) = 2µ * (G) for a graph G with minimum degree at least two.
Introduction
Let G be a graph with vertex set V (G) and edge set E(G). The neighborhood of a vertex v ∈ V (G), denoted by N (v), is the set of vertices adjacent to v. The degree of a vertex v is the cardinality of N (v) and denoted by d (v) . The minimum degree of the graph G is denoted by δ(G). Throughout this paper, we only consider simple, finite and undirected graphs without isolated vertices.
A set S ⊆ V (G) of vertices is called a dominating set of G if every vertex of V (G)\S is adjacent to a member of S. The domination number γ(G) is the minimum cardinality of a dominating set of G. If G has no isolated vertices, a subset S ⊆ V (G) is called a total dominating set of G if every vertex of V (G) is adjacent to a member of S. In other words, S is a total dominating set if S is a dominating set and the subgraph of G induced by S has no isolated vertices. The total domination number of G with no isolated vertices, denoted by γ t (G), is the minimum size of a total dominating set of G.
Two edges in G are independent if they share no vertex. A set M ⊆ E(G) consisting of pairwise independent edges is called a matching in G. A maximal matching of G is a matching that is not contained in a larger matching in G. The matching number of Gis the maximum cardinality of a matching in G and denoted by µ(G) (also α ′ (G)). Let µ * (G) denote the minimum cardinality of a maximal matching in G.
Obtaining bounds on total domination number in terms of other graph parameters and classifying graphs whose total domination number attains an upper or lower bound are studied by many authors (see, Chapter 2 in Henning and Yeo (2013b) ). For example, Cockayne et al. (1980) showed that if G is a connected graph with order at least 3, then γ t (G) ≤ 2|V (G)|/3. Moreover, Brigham et al. (2000) provided that a connected graph G satisfies γ t (G) = 2|V (G)|/3 if and only if G is a cycle of length 3 or 6, or H • P 2 for some connected graph H, where P 2 is a path of length 2 and H • P 2 is obtained by identifying each vertex of H by an end vertex of a copy of P 2 .
It is well-known that γ(G) ≤ γ t (G) ≤ 2γ (G) . An open question in Henning (2009) is to characterize the graphs G with γ t (G) = 2γ(G). As partial answers of this problem, Henning (2001) provided a constructive characterization of trees, Hou et al. (2010) generalized it to block graphs and Bahadır and Gözüpek (2018) presented a characterization of a large family of graphs (including chordal graphs) satisfying γ t (G) = 2γ(G).
For every graph G with no isolated vertex it is true that γ(G) ≤ µ(G). However, the inequality γ t (G) ≤ µ(G) does not always hold. Henning et al. (2008) proves that γ t (G) ≤ µ(G) is valid for every claw-free graph G with δ(G) ≥ 3 and every k-regular graph G with k ≥ 3. Henning and Yeo (2013a) shows that if all vertices in a connected graph G with at least four vertices belong to a triangle, then γ t (G) ≤ µ(G). Claw-free graphs with minimum degree three that have equal total domination and matching numbers are determined in Henning and Yeo (2006) , whereas every tree T satisfying γ t (T ) ≤ µ(T ) is characterized in Shiu et al. (2010) .
Unlike the inequality γ t (G) ≤ µ(G), the inequality γ t (G) ≤ 2µ * (G) holds for every graph G with no isolated vertex since the vertex set of a maximal matching is a total dominating set. In this paper, we study graphs satisfying the upper bound for total domination number, γ t (G) = 2µ * (G), and refer to them as (γ t , 2µ * )-graphs. We characterize all (γ t , 2µ * )-graphs with minimum degree at least two. The results in this work allows one to determine whether a given graph G with δ(G) ≥ 2 is a (γ t , 2µ * )-graph by an algorithm with polynomial time complexity. Moreover, we present a constructive procedure which exactly gives all (γ t , 2µ * )-graphs with δ(G) ≥ 2.
The rest of this paper is organized as follows: Section 2 provides the main results and the proofs are given in Section 3. Discussion and conclusions are provided in Section 4.
Main Results
We first provide some definitions and notations required for the statement of the main results. An edge joining vertices u and v is denoted as uv. For a matching M = {u 1 v 1 , . . . , u n v n } in a graph,
Let K be the family of graphs consists of cycles C 3 with a common edge, that is, graphs isomorphic to a graph G with V (G) = {u, v, w 1 , . . . , w n } and E(G) = {uv, uw 1 , vw 1 , . . . , uw n , vw n } for some n ≥ 2. Let d 2 (G) be the set of vertices in G of degree two, i.e., d 2 (G) = {v ∈ V (G) :
We define a subset M G of E(G) for every connected graph G as follows:
• For G = C 3 , define M G as one of the edges.
• If G = C 6 , then let M G be a pair of opposite edges of the cycle.
• When G ∈ K set M G to be the common edge of the triangles.
• Otherwise, let M G be the set of edges uv such that there exist x ∈ N (u) ∩ d 2 (G) and y ∈ N (v) ∩ d 2 (G) so that the edges xu, uv, vy belong to a same induced C 6 in G.
When G / ∈ K ∪ {C 3 , C 6 }, M G can be constructed as follows:
y} is a C 6 , then add both of the edges of the cycle which are incident to neither x nor y to the set M G .
If G is a graph with connected components G 1 , . . . , G n and no isolated vertex, then define
Theorem 2.1. Let G be a graph with minimum degree at least two. Then, G is a (γ t , 2µ * )-graph if and only if M = M G is a matching satisfying the following two conditions:
(ii) For every distinct vertices u and v in V (M ), whenever u and v have at least one common neighbor, there exist vertices x and y in G (not necessarily distinct when
For general graphs, both of the problems of finding the total domination number and finding the minimum maximal matching number are NP-complete (see, Pfaff et al. (1983) and Yannakakis and Gavril (1980) , respectively.) However, constructing the set M G and checking whether it is a matching and satisfies the conditions (i) and (ii) in Theorem 2.1 can be easily done by an algorithm with polynomial time complexity. Therefore, the problem of determining γ t (G) = 2µ * (G) for a graph G with δ(G) ≥ 2 is polynomial time solvable.
The girth of a graph G, denoted by g(G), is the length of a shortest cycle (if any) in G. Acyclic graphs (forests) are considered to have infinite girth. Let G be a connected (γ t , 2µ * )-graph with δ(G) ≥ 2. Note that if M G consists of only one edge, then G has an induced C 3 , and otherwise G has an induced C 6 . Therefore, G has an induced C 3 or C 6 and hence, Theorem 2.1 implies the following result.
We can also characterize (γ t , 2µ * )-graphs with minimum degree at least two in a constructive way. Let F be the family of graphs obtained as follows:
1. Choose a bipartite graph with partite sets A and B such that |A| = 2k for some k ∈ Z + , every vertex in A has degree at least one and every vertex in B has degree at least two. Let
2. For every i ∈ {1, . . . , k}, if u i and v i has a common neighbor, then add a new vertex to B whose neighborhood is exactly {u i , v i } unless such a vertex already exists. 
For every
then add a new vertex to B whose neighborhood is exactly {u i , v j } unless such a vertex already
exists and add a new vertex to B whose neighborhood is exactly {v i , u j } unless such a vertex already exists.
Construction of a graph in F is illustrated in Figure 1 . The second main result of this paper is the following theorem which enables to build (γ t , 2µ * )-graphs.
Theorem 2.3. Let G be a graph with δ(G) ≥ 2. Then, G is a (γ t , 2µ * )-graph if and only if G ∈ F.
Proofs of the Main Results
First observe that F is the family of graphs G with δ(G) ≥ 2 and having a matching M which satisfies the following two conditions: (i) G − M is a bipartite graph whose one of the partites is V (M ). In the proofs, instead of the constructive definition of F we will use the one above. We first prove Theorem 2.3 by combining the results of the following two propositions.
Proposition 3.1. If G is a graph in F, then γ t (G) = 2µ * (G).
Proof. Let G ∈ F and M = {u 1 v 1 , . . . , u k v k } be a matching satisfying the conditions (i) and (ii) for G. We will show that µ * (G) = k and γ t (G) = 2k.
Recall that G − M is a bipartite graph and thus, every edge in G − M is incident to exactly one vertex in V (M ). Therefore, M is a maximal matching in G and we get µ * (G) ≤ |M | = k. Now let M ′ be an arbitrary maximal matching. If u i v i is not in M ′ , then there exists an edge in M ′ incident to u i or v i since M ′ is maximal. As there is no edge between {u i , v i } and {u j , v j } for i = j, we obtain that M ′ has at least k edges, that is, µ * (G) ≥ k and hence we obtain µ * (G) = k.
We next prove that γ t (G) = 2k. Clearly V (M ) is a total dominating set in G and hence, γ t (G) ≤ 2k. Let S be a total dominating set of G. We will provide a one to one function f : V (M ) → S. Let U be the set of vertices u in V (M ) such that M p (u) / ∈ S. Since S is a total dominating set, for every vertex u ∈ U there exists a vertex in S adjacent to u and set one of them as f (u) .
We claim that f (u) = f (v) for distinct vertices u and v in U . Assume the contrary and let u and v be two distinct vertices of U such that f (u) = f (v). Then we see that u and v have a common neighbor which implies the existence of a vertex w adjacent to only M p (u) and M p (v). On the other hand, by definition none of M p (u) and M p (v) is in S and therefore, there is no vertex in S adjacent to w which contradicts with S being a total dominating set.
For every vertex u ∈ V (M )\U set f (u) to be M p (u). Then, we obtain f (u) = f (v) for every distinct vertices u and v in V (M ), that is, f : V (M ) → S is an injection and hence, |V (M )| = 2k ≤ |S|. Consequently, we get 2k ≤ γ t (G) and thus, γ t (G) = 2k.
Proof. Let G be a graph such that δ(G) ≥ 2 and γ t (G) = 2µ * (G). Let µ * (G) = k and M = {u 1 v 1 , . . . , u k v k } be a maximal matching of size k. Then we have γ t (G) = 2k. We will show that M satisfies the conditions (i) and (ii).
As M is a maximal matching, V (G)\V (M ) is an independent set and therefore, every vertex not in V (M ) is adjacent to at least two vertices in V (M ). Suppose that some vertex u in V (M ) is adjacent to a vertex in M (v) other than M p (u), say v. Then consider the set S = V (M )\{M p (u)}. As every vertex not in V (M ) is adjacent to at least two vertices in V (M ), every vertex not in V (M ) has at least one neighbor from S. Moreover, for every x in V (M ) other than u we have M p (x) ∈ S and hence, x has a neighbor in S. Finally, u is adjacent to v ∈ S and thus, we obtain that S is a total dominating set of G. On the other hand, |S| = 2k − 1 < γ t (G) = 2k which yields a contradiction. Therefore, N (u) ∩ V (M ) = {M p (u)} for every u ∈ V (M ). Then G − M is a bipartite graph with partites V (M ) and V (G)\V (M ) and condition (i) is fulfilled.
We next prove that M satisfies the condition (ii). Assume that there exist distinct ver-
We claim that S is a total dominating set of G. Let x be an arbitrary element in V (G)\V (M ). Then x has at least two neighbors in V (M ) and N (x) = {M p (u), M p (v)}. Therefore, x is adjacent to at least one vertex in S. If y is a vertex from V (M )\{u, v}, then M p (y) ∈ S and thus, y has a neighbor in S. Finally, as u and v are both adjacent to w ∈ S, we obtain that every vertex in G has at least one neighbor from S. Consequently, we have |S| = 2k − 1 ≥ γ t (G) = 2k, contradiction. Therefore, we see that for every pair of distinct vertices u and v in V (M ) sharing a common neighbor there exists a vertex whose neighborhood is We next present the proof of Theorem 2.1. Let G be a graph with connected components G 1 , . . . , G n and no isolated vertex.
. . , n, we have γ t (G) = 2µ * (G) if and only if γ t (G i ) = 2µ * (G i ) for every i ∈ {1, . . . , n}. Therefore, it is sufficient to consider only connected graphs. Note also that, by Theorem 2.3, the task is equivalent to figuring out whether a given graph belongs to F.
Recall that both of C 3 and C 6 are in F and note that each have three different matchings satisfying the conditions (i) and (ii). However, for all other connected graphs in F there exists unique such a matching.
Lemma 3.3. If G is a connected graph in F\{C 3 , C 6 }, then M G is the unique matching satisfying the conditions (i) and (ii).
Proof. When G ∈ K, the claim is trivial. Let G be a connected graph in F\({C 3 , C 6 } ∪ K) and M be a matching in G satisfying the conditions (i) and (ii).
We first show that M ⊆ M G . Let uv be an edge in M . Then, since G is connected and G / ∈ K ∪ {C 3 }, there exists a vertex z ∈ (N (u) ∪ N (v))\{u, v} such that N (x) = {u, v}. As the degree of z is at least two, z has a neighbor w which does not belong to {u, v}. Note that z is adjacent to at least one of u and v. Without loss of generality, suppose that v is a neighbor of z. Note also that We next prove that M G \M = ∅ by contradiction. Suppose that an edge uv belongs to M G \M . Since uv ∈ M G , there exist vertices w, t and x, y ∈ d 2 (G) such that subgraph of G induced by {x, u, v, y, w, t} has the edge set {xu, uv, vy, yw, wt, tx}. As uv / ∈ M , condition (i) implies that exactly one of u and v belongs to V (M ). Without loss of generality, let u ∈ V (M ). Then, v / ∈ V (M ) and hence, y ∈ V (M ) by condition (i). Therefore, u and y are distinct vertices of V (M ) and hence there exists a vertex z whose neighborhood is {u, y}. Since y has degree two, z is either v or w. However, u and w are not adjacent and thus, we get z = v and v ∈ d 2 (G). Since y ∈ d 2 (G) ∩ V (M ) and v / ∈ V (M ), we get w ∈ V (M ) and M p (y) = w. As both w and y are in V (M ), we see that t / ∈ V (M ) and hence, we also get x ∈ V (m) and M p (u) = x by condition (i). Thus, x and w are distinct vertices in V (M ) and therefore, there exists a vertex z with N (z) = {x, w}. As x is of degree two and u is not a neighbor of w, we obtain z = t and t ∈ d 2 (G). Now note that on this cycle C 6 the vertices x, y, v, t are of degree two. Since G is connected and G = C 6 , at least one of u and w has a neighbor s not on this cycle. Without loss of generality, let s be adjacent to w As w ∈ V (M ) and s = y, we have s / ∈ V (M ). Moreover, since the degree of s is at least two, condition (i) implies that s is adjacent to a vertex r in V (M )\{w}. Then, w and r shares a neighbor and thus, by condition (ii) we see that there exists a vertex q such that N (q) = {M p (w), M p (r)} = {y, M p (r)} and hence, y is adjacent to q. As y ∈ d 2 (G), q must be the vertex v and therefore, we get M p (r) = u which gives r = x. But then, x is adjacent to three distinct vertices u, t and s which contradicts with x ∈ d 2 (G). Consequently, we obtain M G \M = ∅ and the result follows. Therefore, if there exists a matching M of G satisfying conditions (i) and (ii), then M G is a matching satisfying both conditions. Thus, it is sufficient to check the requirements for M G to determine whether G is a (γ t , 2µ * )-graph.
Discussion and Conclusions
In this paper, we study graphs G with δ(G) ≥ 1 for which the total domination number γ t (G) attains its upper bound 2µ * (G), that is (gamma t , 2µ * )-graphs with minimum degree at least two. We provide not only a constructive characterization of (gamma t , 2µ * )-graphs G with δ(G) ≥ 2 but also a polynomial time procedure to determine whether a given graph G with δ(G) ≥ 2 is a (γ t , 2µ * )-graph.
For the graphs having at least one leaf (vertex of degree one), the results of this work are not valid. For example, let G be a graph with V (G) = {v 1 , . . . , v n } and consider the graph H obtained by adding new vertices u 1 , w 1 , . . . , u n , w n and edges v 1 u 1 , u 1 w 1 , . . . , v n u n , u n w n to the graph G. Every total dominating set of H contains at least two of the vertices in {v i , u i , w i } for each i and hence, γ t (H) ≥ 2n. As {v 1 , u 1 , . . . , v n , u n } is a total dominating set we get γ t (H) = 2n. Every maximal matching of H contains exactly one of the edges v i u i and u i w i for every i and thus, we have µ * (H) ≥ n. Since {v 1 u 1 , . . . , v n u n } is a maximal matching, we see that µ * (H) = n. Therefore, H is a (γ t , 2µ * )-graph. However, M H might be even empty set or a tree.
Classifying all (γ t , 2µ * )-graphs with at least one leaf is a topic of ongoing research. Another potential research direction is to investigate properties of (γ t , 2µ * )-graphs in terms of other graph parameters.
